Math 847 Qualifying Examination January 2022

Instructions: You must show all necessary work to get full or partial credits. You
can use a 3 x 5 index card. You can not use your book, cell phone, computer, or other

notes. Read all problems through once carefully before beginning work.

Notation: R" denotes the standard Euclidean space with |z| = y/2% + ... + 22 for

= (21,..,7,) € R". Au(z) = Y77 3325;_ stands for the Laplace operator in
J J

R"™. € is used for any open, bounded, and smooth domain in R" with 90 as its

boundary, and v(z) is the unit out normal at x € 9. w, is the surface area for

= {zeR"||z| =1}

Problem 1 Use the method of characteristics to find a solution u(x,t) to the Burger’s

equation
Uy + uu, =0, reR, t>0,

u(z,0) =

near the initial surface t = 0. Verify your answer by a direct differentiation.

Problem 2 Let u be a non-constant harmonic function in R™ (i.e., Au = 0). Let
B(r) be the solid ball of radius r centered at the origin in R™ and 2(r) be the boundary
of B(r). That is,

B(r)y={xzeR"||z| <r}, Qr)={zeR"||z|=r}.

(a) Prove that gi(r fQ(1) u(ry)dS, is independent of r for r > 0.

(b) Prove that goo(r) = sup,eq) [u(ry)| is a strictly increasing function of r for
r >0, and rlirglo Joo(T) = 00.

(¢) Prove that gs(r fﬂ \ul?(ry)dS, is a strictly increasing function of r for

r > 0.

(d) Can you find a number ry > 0 such that “(x) = 0 for all © € Q(rg)? Briefly

explain your answer.



Problem 3 Consider the following initial value problem for the heat equation in R x

[0, 00)
1+sin’z

up(x,t) = Uge(z,t), u(z,0) = T2

(a) Prove that there is one and only one solution such that 0 < u < 1 for all z € R
and t > 0. For this particular solution, prove that h(t) = [y u(z,t)dx = co > 0. Don’t
try to find the explicit formula for u(x,t)!

(b) Is it possible to find another solution u(x,t) to the given initial value problem such

that u(0,2) = —1 ¢ Explain your answer.

(¢) Prove that the solution u in (a) satisfies the estimate u(z,t) > v(z,t) for all
x € [0,1) and t > 0, where v(x,t) is the solution of the following initial and boundary

value problem

dz(1l — x)

vz, t) = vpp (2, 1), v(z,0) = T2

, v(0,t) =v(1,t) =0.

Problem 4 Consider the initial value problem for the wave equation in R3 x R

U = Ugg + Uyy + Ussz, (x,y,2) € R} teR
u(z,y,2,0) =0, (z,y,2) € R?

w(@,y,2,0) = grprprme (@9,2) €R

(a) If u is a solution to the initial value problem, find an explicit formula for u(0,0,0,1t).

(b) Find a solution of the form u(x,y,z,t) = V(r,t) with r = \/x? + y* + 22.
[ Hint: Note that W (r,t) = rV (r,t) satisfies W,, = Wy ). |

(c¢) Check that V(0,t) = u(0,0,0,t) you obtained from Parts (a) and (b).

(d) Can you find a solution u(z,t) such that u(—1,0,0,2) —u(1,0,0,2) = 12 Ezplain
your answer.

Problem 5 Let B(0,r) be the closed ball in R" (n > 2) of radius r centered at the
origin. Assume that u(x) is a harmonic function on B(0,r).

(a) What is the Poisson’s formula for u(zx)?



(b) Use this Poisson’s formula for balls to prove

r+|z]

no T |7l n—2 u <7
uw(0) <ufz) <r e (0), |z| <

(r + [z[)"!
if u is nonnegative on B(0,r)

(¢) Show that any harmonic function on whole R" that is bounded above (or bounded

below) must be a constant. (Note that it is different form the Liouville’s theorem. )

Problem 6 Consider the following so-called sine-Gordon equation, which appears in

differential geometry and relativistic field theory, with initial and boundary data

(

Uy = Au —sinu, x € Q,t >0,
u(z,0) = g(z), x €€,
u(x,0) = h(x), x €,

u(z,t) =0, x € 0Q,t> 0.

(a) Set E(t) = [,[ui + |Dul?* 4+ vw?]dz. Prove that E'(t) < 2E(t), t > 0.

(b) Prove that the solution to the original problem is unique.



